Project:  Centers of Mass
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1. Your team has data on the centers of mass (balance points) of eight cardboard cutouts.  By now you should have carefully measured your copies of the cutouts and scaled your measurements to the unit of distance for each cutout.  That is, you should know an x-coordinate and a y-coordinate for each center of mass, expressed in the same coordinate system as that of the curve bounding the cutout.  (These coordinates are called 

 and 

; the “bar” notation stands for “average” and we are locating the average point for the distribution of mass.)  Record your measured data for your favorite four cutouts here; identify each cutout by its bounding curve and the interval over which the curve is defined.
  

    
Bounding Curve

Interval


Measured 


     Measured 



 A.


 B.


 C.


 D.

The center of mass is a point at which, if we concentrated all the mass at that one point, the object would have the “same behavior” as on a balance beam.  Imagine that we place one of our cutouts on the right-hand side of a balance beam, with the origin at the balance point, as in the figure below.  To achieve balance by placing the same mass on the left at a single point, that point would have to be 

 units away from the origin.


[image: image1]

The contribution of each mass on the balance beam is called a moment; in the case of the figure on page 1, we speak of  “moments” with respect to the y-axis, since we are balancing on opposite sides of the line x = 0, i.e., the y-axis.  When working with a coordinate system, it is convenient to let signs of coordinates do the work of keeping track of “left” and “right”.  Thus, we represent the moment of a point mass by the product of the mass and its directed distance from the balance axis.  Then the condition for balancing is that the sum of the moments is zero.

For the figure on page 1, the moment of the cutout with respect to the y-axis is unknown, so we just give it a name: 

.  The moment of the point mass on the left is -m

.  The balancing condition is



.


2. Solve this equation for 

 in terms of the unknown quantities 

 and m.  Write your answer here:  ______________________.  The problem of finding 

 is now reduced to that of finding two other quantities, 

 and m.  


3. Each of your cutouts has a constant thickness (let’s call it () and a constant density (let’s call it ().  We will refer to them by these names.  Explain briefly why the problem of finding m can be reduced to the problem of finding the area of your cutout once you know ( and (.








4. Select one of your cutouts and calculate its area here.














5. Calculate the areas and masses of all four of your cutouts, and record the results in the table that follows.



      Cutout


Area


Mass

A.

B.

C.

D.

  


Now we tackle the harder problem of finding

.   We will address this problem by the same “divide and conquer” technique that led to a solution of the area problem.

6. Sketch one of your four shapes in the space below.  Include the coordinate axes in your sketch.  Divide your shape into eight vertical strips of equal width.  For the third strip from the left, use a rectangle to estimate the area, the mass, the coordinates of the center of mass, and the moment with respect to the y-axis of that third strip.













If you can estimate 
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M

 for a single nearly-rectangular strip, then you can estimate 

 for the entire cutout by adding up the contributions from all the strips.  (Recall the additive behavior of multiple masses on the balance beam.)   Doing this kind of estimation is extremely tedious, but imagining it is easy, and that leads to an easy way to actually calculate My.


7. Suppose that you have subdivided your shape into n strips.  (In part 6, n was 8.)  Let (x represent the width of each strip; if the interval you subdivided runs from x = a to x = b, how is (x related to a, b, and  n?  _________________________  

Suppose you number the strips 1, 2, 3, ….n and then label the points of subdivision on the x-axis (including the endpoints a and b) by 

(which is a), 

 (which is b).  Let k be an index variable that takes on values 1, 2, 3, …n; then the kth strip lies between 

 and 

.  Draw a picture that illustrates your shape and shows these markings along the x-axis.











  

Let’s denote the midpoint of the kth interval by 

. Write an expression for 

 in terms of 

 and 

.   

 =  _____________________
 
8. Draw a rectangle to approximate the kth strip whose height is 
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.  What are the coordinates of the center of mass of this rectangle?  ___________________________  Indicate this point on your rectangle.










What is the area of this rectangle?  _________________________ 

What is the mass of this rectangle?  _________________________

What is the moment of this rectangle with respect to the y-axis?  ____________________________

Write out the sum of the moments with respect to the y-axis for all n rectangles:

9. The sum in part 8 is an approximating sum for some integral; as n gets larger and the strips get smaller, the approximations – both to the exact moment and to some integral – get better.  It is therefore reasonable to suppose that the integral being approximated is the moment we seek.  What integral is being approximated by the sum in part 8?  Your answer to this question is a formula for

.



  
10. Check your formula for

 by evaluating it for one of your shapes (pick the easiest one) and then using your formula from part 2 and your mass from part 5 to find 

.  Is the answer close to your measured 

 in part 1?  (If not, you may need to rethink something at this point.)












If you are ready to move on, it is time to think about how to calculate

.  For that purpose, we need to think about balancing about the x-axis – you can choose whether to mentally rotate your figures 90(, physically rotate them 90(, or imagine gravity acting sideways.  Reread the top of page 2 and convince yourself that the moment of the figure with respect to the x-axis,

, must satisfy the condition 

.


11. Find a formula for 

 in terms of m and 

.       

 =    _______________________  

The problem of finding 

 is now reduced to that of finding two other quantities, one of which you already know.

You have already done most of the hard work to find a formula for 

.  You can use the same subdivision of the area into approximately rectangular strips, calculate the moment for each strip, add the results, and determine what integral is being approximated by the sum.  Be careful – for

 the balance axis was parallel to the strips, and for 

 it is perpendicular, so there is no reason to think that the answer will have the same form.

12. Use your results from part 8 to find the moment with respect to the x-axis of the kth rectangular strip.  

Write the answer here:____________________________________

Now sum the moments of the individual strips to find an expression for approximating 

.










13. The sum in part 12 is an approximating sum for some integral; as n gets larger and the strips get smaller, the approximations – both to the exact moment and to some integral – get better.  It is therefore reasonable to suppose that the integral being approximated is the moment we seek.  What integral is being approximated by the sum in part 12?  Your answer to this question is a formula for 

.











14. Check your formula for 

 by evaluating it for one of your shapes (pick the easiest one) and then using your formula from part 11 and your mass from part 5 to find 

.  Is the answer close to your measured 

 in part 1?  (If not, you may need to rethink something at this point.)






15. Fill in the following table.  You can do your remaining calculations on separate sheets of paper and attach them to this handout.  Write a sentence or two about how close your measured centers of mass (from part 1) are to the ones you calculate by integral formulas for this table.

Shape

Curve

Mass
















______________________________________________________________________________


A.



B.



C.



D.





Adapted from a project written by David Smith and Lawrence Moore at Duke University.
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